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 We report the steady state viscosity and contact microstructure of dense suspensions containing hard-
particle poly(methyl methacrylate) (PMMA) colloids with tunable surface morphologies. Structural analysis of 
confocal micrographs shows that the contact number deficit Δz scales as the jamming distance Δϕ, where the 
scaling relations contain a range of exponents that describe the compactability of frictional packings with 
jamming fractions ϕJ and jamming contact numbers zJ. Suspensions with rougher particles require fewer nearest 
neighbors than that of smoother particles to reach the jamming point. Agreement between model predictions 
from a mean-field theory and our rheological data shows that shear thickening is modeled by different types of 
frictional packings that form under applied shear stresses. The shear thickening strength, quantified by the slope 
of the viscosity-stress flow curves, scales with the jamming distance for a broad class of dense suspensions 
comprising PMMA smooth and rough colloids, silica smooth and rough colloids, and simulations with 
interparticle friction or surface asperities. Our results suggest that Δϕ/ϕJ = 0.1 and Δz/zJ = 0.5 is the point at 
which hydrodynamics, Brownian forces, and friction become equally important in colloidal shear thickening. 
 
 
 Dense suspensions of colloidal particles with 
stochastic Brownian motion exhibit shear thickening, 
a non-Newtonian fluid behavior where the suspension 
viscosity η increases mildly or strongly depending on 
the applied shear stresses σ and particle volume 
fraction ϕ. The ability to design the onset of shear 
thickening provides a unique advantage in the 
reversible tuning of material mechanics, which is of 
great interest in fields such as soft robotics, impact-
resistant armor, and liquid manufacturing [1-3]. 
However, the tunability in these systems currently 
remains at a rudimentary level of "on" or "off". For 
dense suspensions to truly advance technology, the 
level of control over the shear thickening needs to 
become more deliberate and refined [4, 5]. In this 
manuscript, we show that designing shear thickening 
strength is possible for a broad class of colloidal 
suspensions through a singular parameter: the distance 
to jamming. 
 A jammed material at ϕJ is conventionally defined 
as a disordered particulate system that has developed a 
yield stress [6]. Practically, this means that a 
sufficiently large applied stress is required to generate 
a measurable flow rate in the densely packed material. 
Shear thickening shares similarities to jamming in that 
the particles in a flowing suspension become so 
impeded by nearest neighbors that they require an 
increasing amount of stress to continue flowing [1, 7]. 
The microstructural origin of shear thickening was 
first attributed to the formation of hydroclusters in the 
Stokesian Dynamics simulations developed by Brady 
and Bossis [8], where clusters of particles oriented 
along the compressional axis of shear cause a modest 
increase in the suspension viscosity. Experiments later 
corroborated this observation [9]. The hydroclusters 
persist because the short-range pairwise squeeze 
lubrication, which is dissipative in nature, scales 
inversely as the particle separation. More recently, 
simulations that incorporate explicit interparticle 
friction or particle roughness plus lubrication 
hydrodynamics were able to fully capture the large 
increase in viscosity that is characteristic of strong 
shear thickening [10]. An important result from these 
simulations is the appearance of space-spanning force 
chains and velocity correlations in shear thickened 
suspensions [11]. These force chains arise from any 
combination of σ- and ϕ-based constraints including 
hydrodynamics, repulsion, adhesion, and solid friction 
[12-14]. The number of force chains increases as a 
system approaches shear jamming from a dilute state, 
leading to stronger shear thickening. Interestingly, 
conventional microstructural characterization 
techniques such as the radial distribution function [14] 
or scattering patterns in the velocity-gradient-vorticity 
planes [15] are not sensitive to differences between 
shear thickened states. This observation implies that 
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the distance between particle surfaces, rather than the 
center-to-center distance, is related to the force chains. 
As ϕ → ϕJ and σ increases, conservation laws state 
that the contact distance between particles in a 
constant-volume suspension must decrease, leading to 
a greater number of contacts.  
 The mean contact number <z> is the number of 
nearest neighbors around a reference particle and is 
strongly correlated with bulk mechanics [16]. Near the 
jamming point, zJ and ϕJ are inextricably linked to the 
interparticle friction in dense packings. Application of 
Maxwell's isostatic criterion to a frictionless hard 
sphere system at ϕJ = 0.64 reveals that zJ = 6. 
Incorporating a sliding friction coefficient μs leads to 
zJ → 4, ϕJ → 0.54 for μs → ∞ [17]. Adding a rolling 
friction coefficient μr further reduces zJ → 2.4, ϕJ → 
0.36 for (μr, μs) → ∞ [18]. The sliding constraint μs is 
featured in several constitutive equations, particle 
simulations, and phenomenological models that 
describe shear thickening as due to particles 
undergoing a σ-induced lubricated-to-frictional 
transition [19-21]. Both μs and μr are thought to 
generate long-lasting force chains by reducing the 
rotational degree of freedom of particles in flow. 
Experimental measurements support this idea by 
demonstrating that the rotational dynamics of shape-
symmetric particles with protrusions deviate 
significantly from simulations of hard sphere 
suspensions [22-24]. While the interparticle friction 
may not always track with surface roughness because 
of complex tribological factors (e.g.: 
elastohydrodynamics [25]), in general, rougher 
particles have larger values of μs and μr.  
 A quantitative link between the strength of 
thickening β = log(η)/log(σ) and the distance from 
jamming (ϕJ - ϕ)/ϕJ = Δϕ/ϕJ has not yet been identified 
in the case of colloidal suspensions containing rough 
particles. A value of β ≈ 1 defines very strong or 
discontinuous shear thickening (DST), where σ jumps 
with increase shear rate , while β < 1 defines 
continuous shear thickening (CST), which refers to a 
more gradual change in σ with increasing . It is 
quite possible that the differences in β arise from 
different force chain configurations, which suggests 
that β should be correlated with the contact 
microstructure as quantified by <z>.  
FIG. 1. Experimental rheology for suspensions of (a) S, (b) SR, (c) VR, and (d) RK colloids. Flow curves represent ηr 
plotted against σ scaled by the effective particle radii and temperature. Numerical values next to each curve indicate ϕ 
(filled circles). Solid lines are fits with the WC model, and dashed lines indicate the maximum ϕ beyond which the WC 
model fails. Inset: Representative scanning electron micrographs and confocal laser scanning micrographs of colloids. 
Scale bars = 5 µm. 
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Earlier treatise on suspension rheology have seen 
the prolific use of smooth hard spheres, and only 
recently have poly(methyl methacrylate) (PMMA) and 
silica colloids with controlled surface roughness 
become widely available [26]. To investigate the role 
of the jamming distance in dense suspension rheology, 
we synthesize spherically symmetric and size-
monodisperse PMMA microspheres with different 
surface roughness. Details of the synthesis are 
described elsewhere [27]. These particles are sterically 
stabilized with 10-15 nm of poly(12-hydroxystearic 
acid) (PHSA) brushes [28]. We report the rheological 
and microstructural behavior of PMMA colloids with 
four types of morphology and effective swollen 
diameters 2aeff in the micron range: smooth (S, 2a = 
0.98 μm ± 5%, Fig. 1a), slightly rough (SR, 2aeff  = 
1.82 μm ± 5%, Fig. 1b), very rough (VR, 2aeff = 1.47 
μm ± 5%, Fig. 1c), and rock-like (RK, 2aeff = 1.49 μm 
± 6%, Fig. 1d). Detailed quantification of the surface 
roughness parameters is unnecessary, as we showed in 
an uncertainty analysis that included the spatial length 
scales of the particles [27]. A major improvement of 
this study over our earlier experiments [29] is the 
choice of the solvent as squalene, which provides 
validated hard particle interactions [27]. Jammed 
suspensions are prepared by using high speed 
centrifugation to pack colloids in squalene at ϕJ with a 
gravitational Péclet number of Peg = 1500. 
Subsequently, suspensions at ϕ < ϕJ are obtained by 
diluting the jammed sediments with known quantities 
of solvent. We obtain ϕ using confocal laser scanning 
microscopy (CLSM, Leica SP8) and process the 3D 
images with a centroid-based algorithm.  Steady shear 
rheological measurements are performed using a 
stress-controlled rheometer (TA Instruments DHR-2) 
fitted with a 50-mm sandblasted cone-and-plate 
geometry. Evaporation is negligible because squalene 
has a miniscule vapor pressure (10-7 Pa) at room 
temperature. Normal stresses are not a focus of this 
study, although the axial force measurements for all 
suspensions are available in the Supplemental 
Information (Fig. S1). 
Fig. 1 presents the relative suspension viscosity (ηr 
= η/ηs, solvent viscosity ηs = 0.012 Pa·s) as a function 
of σ for the PMMA colloidal suspensions. Regardless 
of the surface morphology, the suspensions transition 
from fully Newtonian flow at low ϕ, to CST at 
intermediate ϕ, and finally to DST at values of ϕ close 
to their jamming volume fractions ϕJ. The critical 
stress required for shear thickening is labeled σ*. 
Some of the suspensions (SR, VR, and RK) exhibit a 
secondary plateau at the highest values of σ, which is 
characteristic of a shear-thickened state [30, 31]. The 
value of β is obtained from the change in ηr as a 
function of σ, starting from σ* and ending before the 
shear-thickened state. The onset of DST (β ≥ 1) for 
smooth particle suspensions occurs at ϕ = 0.55 (Fig. 
1a), which is similar to the values reported earlier in 
the literature for colloids interacting with a short-
range repulsive potential [32, 33]. Suspensions of 
smooth colloids continue to exhibit DST until ϕJ,S = 
0.625 ± 0.006, where the sample shear jams and 
becomes difficult to handle experimentally. This trend 
is broadly mirrored by SR, VR, and RK suspensions 
while the measured ϕJ for each type of particle is 
different (ϕJ,SR = 0.535 ± 0.002,  ϕJ,VR = 0.471 ± 
0.008, and  ϕJ,RK = 0.528 ± 0.009).  
Predictions of the suspension viscosity from the 
Wyart-Cates (WC) theory [19] are fitted to the 
experimental data as solid lines in Fig. 1. The original 
WC model attributes shear thickening to a change in 
the contact microstructure. First, in the low-σ regime, 
hard spheres are frictionless and display a viscosity 
divergence at ϕ0 ≈ 0.64, so long as the particles remain 
separated in flow. An increasing subpopulation of 
particles then undergo a lubricated-to-contact 
transition at σ ≥ σ*, where the fraction of contacting 
particles is modeled by the sigmoidal form f(σ) = 1 − 
exp[-(σ*/σ)γ] and γ is between 0.5 [34, 35] and 1.0 
[19]. Finally, in the high-σ regime, a majority of 
FIG. 2. Scaling relation Δz ~ Δϕα for colloidal 
suspensions at equilibrium. Data are shown for S 
(magenta circles), (coral squares), VR (orange diamond), 
and RK colloids (cyan triangles). Transparent symbols 
without borders denote a set of PMMA colloids from 
previous work [27]. Solid lines indicate the average 
slope of power laws fitted to the data. 
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particles interact through frictional mechanics and the 
suspension diverges in viscosity at ϕm ≈ 0.58. We 
retain the use of ϕ0 and ϕm for clarity, noting that 
rough colloids are not frictionless when in a static 
packing (ϕ0 < 0.64). Under shear, these packings 
become more frictional and jam at even lower volume 
fractions (ϕm < ϕ0, Table S1).  
The parameters in the scaling relation Δz ~ Δϕα, 
along with the exponent α, are crucial yet semi-
empirical inputs in the original WC model. Here, we 
directly measure ϕ0, ϕm, and the scaling factors for 
each particle morphology (Supplemental Information). 
To better understand how frictional packings 
contribute to the shear thickening viscosity, we obtain 
the contact number deficit Δz = <z> − zJ with respect 
to the jamming distance Δϕ. They support the premise 
that stresses in a granular packing are carried by load-
bearing networks with minimal floppy modes, i.e. <z> 
≥ zJ [36]. Rather than assuming empirical forms of the 
scaling relation, we directly measure <z> and zJ as a 
function of ϕ using CLSM images of quiescent 
suspensions. Fig. 2 shows that changing the surface 
roughness generates different packing configurations 
when the suspension is very close to jamming. 
Smooth colloids display two distinct scaling laws, 
where α = 0.99 at Δϕ < 0.11 and α = 0.68 at Δϕ > 0.11 
This separation of scaling regimes are also found in 
the SL (α = 0.87 at Δϕ < 0.08 and α = 0.56 at Δϕ > 
0.08) and VR colloids (α = 0.72 at Δϕ < 0.04 and α = 
0.41 at Δϕ > 0.04), while RK particles follow a single 
scaling at all Δϕ with α = 0.67. The magnitude of α 
represents how a dense colloidal packing loosens as it 
becomes diluted with the solvent. At a jamming 
distance of Δϕ/ϕJ = 0.05, smooth (zJ,S = 6.0, Δz/zJ,S = 
0.10) and SL colloids (zJ,SR = 3.7, Δz/zJ,SR = 0.06) have 
smaller deficit contact numbers than VR (zJ,VR = 3.0, 
Δz/zJ,VR = 0.21) and RK colloids (zJ,RK = 3.9, Δz/zJ,RK = 
0.13). Reducing the jamming distance to Δϕ/ϕJ = 0.02 
yields Δz/zJ,S = 0.04, Δz/zJ,SR = 0.03, Δz/zJ,VR = 0.11, 
and Δz/zJ,RK = 0.05. The observation that Δz/zJ,VR and 
Δz/zJ,RK are always larger than Δz/zJ,S and Δz/zJ,SR 
implies that suspensions with rougher particles require 
less contacts to jam and are more loosely packed than 
that of smoother particles, after normalizing for other 
spatial factors such as the polymer brush length, size 
polydispersity, and surface roughness.   
Our results are qualitatively corroborated by a 
previous simulation study by Radhakrishnan and 
coworkers [37]. They showed that non-Brownian 
particles interacting with short-range lubrication 
hydrodynamics displayed a decrease in α when the). 
interparticle friction coefficient μs was increased (α ≈ 
0.96 for μs ≤ 0.3 and α ≈ 0.32 for 0.3 < μs < 10). 
Moreover, snapshots of force chains in dense 
suspensions showed that imposing a rolling friction 
FIG. 3. Shear thickening strength β as a function of (a) 
Δϕ/ϕJ, and (b) Δz/zJ. Data from this work are shown for 
S (magenta circles), SR (coral squares), VR (orange 
diamond), and RK colloids (cyan triangles). Dashed line 
indicates β = 1 at a transition point of (a) Δϕ/ϕJ = 0.1 and 
(b) Δz/zJ = 0.5 (dotted lines). In (a), literature values 
from experimental colloidal studies are indicated by 
green symbols: smooth PMMA (circle) [32], rough 
PMMA (upper triangle) [29], smooth silica (square [40] 
and (hexagon) [30]), and rough silica (lower triangle 
[38] and diamond [39]). Literature values from 
simulations studies are indicated by grey symbols: 
colloids with surface asperities interacting via 
lubrication (square) [13], spheres with sliding friction 
(upper triangle) [21], spheres with sliding and rolling 
friction (circle) [18], and colloids interacting via sliding 
friction (lower triangle) [41]. Solid colored lines 
indicates the WC model fitted to our experimental data, 
while the solid black line is from the original WC model 
[19]. 
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(in addition to sliding friction and short-range 
lubrication) produces much larger contact forces, 
sustains stronger and longer-range velocity 
correlations, and significantly reduces ϕJ and zJ [18]. 
Superimposing our experimental values of ϕJ and zJ 
onto the simulation data of Singh et al. [18] suggests 
that μs is significant in our rough colloids (Fig. S2), 
but does not rule out the contribution of μr because of 
Brownian motion in our system. These results 
collectively indicate that the load-bearing contact 
microstructure of suspensions near jamming is highly 
sensitive to differences in the surface morphology. 
The distance to jamming Δϕ/ϕJ is a crucial 
parameter that predicts the shear thickening strength β 
of many types of suspensions. Fig. 3a shows that all of 
our colloidal suspensions obey the general rule where 
DST (β ≈ 1) holds at Δϕ/ϕJ ≤ 0.1 while CST (β < 1) is 
found at Δϕ/ϕJ > 0.1, with β rapidly decreasing at 
larger Δϕ/ϕJ. This rule is valid for a broad class of 
colloidal suspensions containing spherically 
symmetric particles. Support comes from β and Δϕ/ϕJ 
values extracted from select literature in which both 
viscosity-stress data and ϕJ are available: (1) smooth 
and rough PMMA colloids with charged interactions 
[29, 32], (2) smooth and rough silica colloids with 
near-hard sphere and charge-screened interactions [30, 
38-40], (3) computer simulations with sliding [21, 41] 
and rolling friction [18], and one with explicitly 
defined surface asperities [13]. This result has 
significant impact in the academic and industrial 
communities because it enables the a priori estimation 
of shear thickening strength (a non-equilibrium 
parameter) using the distance to jamming (an 
equilibrium parameter). The WC model provides good 
predictions of β except at Δϕ/ϕJ < 0.1. The 
discrepancy could be from Brownian stochastic 
fluctuations that prevent the coexistence of two σ-
states at a single value of , or from other unexplored 
microstructural properties of packings very close to 
the jamming point. Promisingly, the remarkable match 
between experiments and simulations from 
independent research groups suggests that the 
microscopic origins of shear thickening are becoming 
well understood.  
The universality seen in Fig. 3a suggests that the 
main role of surface asperities in shear thickening is to 
alter the way that particles pack in the low-σ and high-
σ regimes. In other words, a spherically symmetric 
colloid with anisotropic surface morphology imparts 
different values of ϕ0 and ϕm as opposed to a smooth, 
frictionless hard sphere. From a purely granular 
perspective, dense suspensions shear thicken because 
of a transition between a packing with viscosity that 
diverges at ϕ0 to a new packing that diverges at ϕm. 
However, this perspective is unlikely to hold for all ϕ. 
Fig. 3b shows that granular effects may only be 
dominant in DST close to jamming (β ≥ 1, Δϕ/ϕJ < 
0.1, Δz/zJ < 0.5)—a viewpoint that is gaining 
acceptance in the field—because β remains finite 
while the number of contacts disappears dramatically 
at Δϕ/ϕJ > 0.1 and Δz/zJ > 0.5. Lubrication 
hydrodynamics and Brownian forces must therefore 
play significant roles in maintaining the suspension 
stress in CST (β < 1, Δϕ/ϕJ > 0.1, Δz/zJ > 0.5) and 
should not be overlooked. Based on our data, we 
suggest that Δϕ/ϕJ = 0.1 and Δz/zJ = 0.5 be identified 
as the point at which hydrodynamics, Brownian 
forces, and friction contribute equally to colloidal 
shear thickening. Contact proliferation below Δz/zJ ≈ 
0.5 suggests that strong shear thickening happens 
above β ≈ 0.65 in our suspensions. 
This study presents a powerful tool to predict the 
shear thickening strength based on the jamming 
distance for colloids with various surface 
morphologies. We have shown that smooth and rough 
colloids pack differently at volume fractions very 
close to jamming. However, the differences in contact 
microstructure are uncorrelated with β ≈ 1 at Δϕ/ϕJ < 
0.1, suggesting that the force networks responsible for 
DST have similar configurations. It could explain why 
force chains carry larger contact forces in simulations 
that incorporate both sliding and rolling friction. The 
rolling friction helps maintain a more rigid but more 
loosely packed suspension, in which the macroscopic 
stress is borne by fewer particle-particle contacts. 
Deformable particles and athermal suspensions have 
not been tested in this study, and it would be 
interesting to see if the generality of the scalings 
between β, Δϕ/ϕJ, and Δz/zJ holds for these materials. 
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Axial force measurements for colloidal suspensions 
 The surface tension of the suspension is important in the computation of the first normal stresses (N1) 
using a cone-and-plate geometry. Although surface tension effects are usually negligible with standard fluids, 
dilatant suspensions may contain particles jammed at the surface, which alter the meniscus curvature and 
significantly decrease N1 [4]. Since the shape of the meniscus was not monitored in this study, we report only 
the axial force output from the steady shear measurements in Fig. S1. The data show that the competing effects 
of dilatancy and surface tension are especially apparent for VR and RK colloids at the highest volume fractions 
(ϕ ≥ 0.46). 
 
Figure S1. Axial force measurements for all colloidal suspensions tested in this study (a) S, (b) SR, (c) VR, and 
(d) RK as a function of increasing shear stress and at various ϕ values. 
 
 
Sliding and rolling friction in PMMA colloidal suspensions 
Superimposing our experimental values of ϕJ and zJ onto the simulation data of Singh et al. [1] of non-
Brownian spheres with sliding and rolling friction shows that μs is likely to be significant in our SR, VR, and 
RK colloids (Fig. S2), while μs = 0 in our S colloids. It does not rule out contributions from μr because of the 
presence of Brownian motion in our system. These results indicate that the load-bearing contact microstructure 
of suspensions near jamming is highly sensitive to interparticle friction arising from differences in the surface 
morphology. 
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Figure S2. Experimental contact number <z> for different suspensions plotted against ϕ. Data are shown for S 
(magenta circles), SR (orange diamonds), VR (coral squares), and RK colloids (cyan triangles). Simulation data 
from particles interacting via short-range hydrodynamics, repulsion, and sliding/rolling friction [1] are overlaid 
in the plot (μs = sliding friction, μr = rolling friction).  
  
Generating flow curves from Wyart-Cates Model 
 The phenomenological model developed by Wyart and Cates [2] predicts the suspension stress σ as a 
function of the applied shear rate  as , where η0 is the solvent viscosity (0.012 Pas), and A0 and κ 
are fitting parameters. The value of Δz combines the scaling relations between Δz and Δϕ for the low-shear 
(frictionless) and high-shear (frictional) packings multiplied by the fraction of lubricated or frictional contacts. 
These scalings take the form of Δzs = As(ϕ0- ϕ)αs and Δzr = As(ϕm- ϕ)αr, respectively. The values of ϕ0 and ϕm are 
obtained for each particle type by fitting the low-shear plateau and shear-thickened plateaus from experimental 
data to the Kreiger-Dougherty form ηr = (1 − ϕ/ϕ0)
-β and ηr = (1 − ϕ/ϕm)
-β, where 1.8 < β < 2.0 respectively. The 
fraction of contacting particles takes the sigmoidal form f(σ) = 1 − exp[-(σ*/σ)γ] where γ = 0.85 as described for 
colloidal suspensions [3]. The parameters used to fit the WC model to the experimental flow curves are shown 
in Table S1. Data generated from WC model are shifted by O(1/ηr) in the y-axis and by A0 in the x-axis.     
   
Table S1. Wyart-Cates Model Fitting Parameters 
Particle Type ϕJ** ϕ0 ϕm αs and αr As and Ar 
S 0.625 ± 0.006 0.63 0.58* 0.99 ± 0.06 20 ± 1 
SR 0.535 ± 0.002 0.54 0.51 0.87 ± 0.21 10 ± 2 
VR 0.471 ± 0.008 0.47 0.44 0.72 ± 0.03 9 ± 1 
RK 0.528 ± 0.009 0.53 0.50 0.67 ± 0.05 8 ± 1 
 
*Since the smooth particles did not exhibit a high-shear plateau, the value of ϕm was obtained from the original 
Wyart-Cates analysis.  
**Obtained from dilution back calculations. 
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